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Abstract
In this paper, for the sake of providing a concrete comparison between the usual Abbott-Deser-
Tekin (ADT) formalism and its off-shell extension, as well as comparing the latter with the Barnich-
Brandt-Compere (BBC) approach, we carry out these methods to compute the mass and angular
momentum of the rotating charged Go¨del black holes in five-dimensional minimal supergravity. We
first present the off-shell ADT potential of the supergravity theories in arbitrary odd dimensions,
which is consistent with the superpotential via the BBC approach. Then the off-shell generalized
ADT method is applied to evaluate the mass and angular momentum of the Go¨del-type black holes
by including the contribution from the gauge field. Finally, we strictly obey the rules of the original
ADT formalism to incorporate the contribution from the gauge field within the potential. With
the help of the modified potential, we try to seek for appropriate reference backgrounds to produce
the mass and angular momentum. It is observed that the ADT formalism has to incorporate the
contribution from the matter fields to yield physical charges for the Go¨del-type black holes.
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1 Introduction
Since Go¨del metric in the four-dimensional Einstein gravity was found [1], there has been considerable
interest in its analogues of various extended gravity theories [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. The
main reason for this is that such metrics, characterized by a so-called Go¨del parameter, display
several peculiar features such as the allowance of closed timelike curves. Particularly, within the
framework of the five-dimensional minimal supergravity endowed with the Einstein-Maxwell-Chern-
Simons Lagangian, the exact Go¨del-type solutions that describe the general non-extremal (charged)
rotating black holes were constructed in [5, 7].
As usual, in order to have a good understanding of the thermodynamics properties for Go¨del-
type solutions, it is of great necessity to identify their conserved charges such as mass and angular
momentum. Nevertheless, because of the appearance of the Go¨del parameter, the naive application
of some traditional approaches breaks down in the computation of those quantities [13]. To our
knowledge, so far the first successful application towards the neutral rotating Go¨del-type black holes
has been made by the method proposed by Barnich, Brandt and Compe`re [14, 15, 16, 17] in the
context of the five-dimensional minimal supergravity [18] (We shall refer to this method as BBC
approach for short. Up to now it has been widely used to compute the conserved quantities associated
with asymptotic symmetries). Afterwards this approach was extended to the three-dimensional
Go¨del-type black holes of Einstein-Maxwell theory [8], as well as the charged counterpart [19].
However, for the squashed-horizon generalization of the Go¨del-type black holes, the counterterm
method is also feasible. This is attributed to the fact that the squashing transformation essentially
modifies the asymptotic structure although it reserves the Go¨del parameter [20]. As a consequence,
despite the success of the BBC approach, it is still desirable to clarify whether other methods may
work well for the Go¨del-type solutions for the purpose of providing multi-angle analysis on their
conserved quantities, as well as verifying the universality of the methods on the definition of the
conserved charges.
The Abbott-Deser-Tekin (ADT) formalism [21, 22, 23, 24, 25], constructed out of the conserved
current obtained in virtue of the linearized perturbation for the expression of gravitational field
equation in a fixed reference background of flat or (A)dS spacetime, has made some progress towards
the computation scheme for conserved quantities of asymptotically flat or (A)dS solutions in a variety
of theories of gravity. Since the relevant background metric is required to be a vacuum solution of the
field equation, both the current and potential in the ordinary ADT formalism are on-shell. However,
it was suggested that the on-shell constraint of the reference background is able to be relieved
[26, 47, 48]. In particular, this was systematically elaborated by Kim, Kulkarni and Yi in Ref. [26].
Here the authors constructed the current and potential associated with the diffeomorphism symmetry
of arbitrary background spacetimes within the framework of generic covariant pure gravity theories,
and they further presented an off-shell prescription to the ordinary ADT formalism. In practice, such
a modification leads to the advantage that it becomes more operable to derive the potential in terms
of the corresponding conserved current. What is more, by contrast with the original ADT formalism
that involves no matter fields in the perturbation of fields, it is of great convenience to incorporate
the contributions from the matter fields within the off-shell formulation [27, 28] along the lines of the
well-known covariant phase space approach, put forward by Wald and his collaborators [29, 30, 31].
Apart from this, the manner of the perturbation for the fields in the off-shell generalization has
been modified as the same as that in the BBC approach. Consequently, in some sense, the off-
shell generalized ADT formalism could also be viewed as the cousin of both the BBC and phase
space approaches. Till now, there have existed a series of developments and applications of the
off-shell ADT formulation in a range of gravity theories regardless of the asymptotic behavior of the
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spacetime metrics [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46].
In the present work, we will attempt to find out whether the original ADT formalism together
with its off-shell generalization can produce the physical mass and angular momentum of the charged
rotating Go¨del-type black holes found in [7], just like the BBC approach does [19]. As we shall ex-
plicitly demonstrate below, within the context of supergravity theories with the Einstein-Maxwell-
Chern-Simons Lagangian in arbitrary odd spacetime dimensions, the off-shell generalized ADT for-
malism including the contribution from the U(1) gauge field is consistent with the BBC approach for
the exact Killing vectors. Therefore, the off-shell formulation can be naturally adopted as another
suitable candidate to serve as the definition of the conserved charges for the Go¨del-type black holes.
By contrast, the original ADT method fails as the case with respect to the neutral Go¨del-type black
holes [13] provided that the gauge field is neglected. To tackle this issue, it seems to be a good
strategy to follow closely the spirit of the original ADT method to associate the contribution from
the gauge field with the conserved quantities. But we still have to face the important challenge of
looking for appropriate reference background, which is just one of the involved procedures for the
conventional ADT formalism. In practice, our consequences further demonstrate that the Go¨del-type
black holes are good examples to show how the matter fields to affect the conserved charges.
The remainder of this work is structured as follows. In section 2, we will give a brief deriva-
tion of the off-shell potentials as well as the formula for the conserved charges associated with the
bosonic supergravity theories in arbitrary odd dimensions. In section 3, we will investigate the mass
and angular momentum of the five-dimensional charged rotating Go¨del-type black holes through
the off-shell generalized ADT formalism. In section 4, their mass and angular momentum will be
reconsidered by strictly following the original ADT formulation. The last section contains some
conclusions.
2 The formula of the conserved charges for (2n+1)-dimensional
supergravity theories
In this section, taking into consideration of the contribution from the matter field, we shall derive
the off-shell Noether and ADT potentials associated with (2n+1)-dimensional bosonic supergravity
theories along the lines of the work [28], which recently developed the off-shell generalized ADT
formalism in [26, 27]. Then a general formula of conserved charges for these theories will be presented
on basis of the potentials.
Without loss of generality, let us take as the start point the supergravity theory. This is the
extension of general relativity with an additional Abelian gauge field and described by the Einstein-
Maxwell-Chern-Simons Lagrangian with the cosmological constant Λ in odd spacetime dimensions
D = 2n+ 1. We write down the following general expression:
LEMCS =
√−g(L(gr) + L(em) + L(cs)) ,
L(gr) = R− 2Λ , L(em) = αFµνFµν ,
L(cs) = βǫ
γµ1ν1···µnνnAγFµ1ν1 · · · Fµnνn , (2.1)
where the parameters α and β are arbitrary coupling constants, and the completely antisymmetric
Levi-Civita tensor ǫµ1···µD in D dimensions is defined through
√−gǫµ1···µD = −D!δ[µ10 · · · δµD ]D−1.
Varying the Lagrangian (2.1) with respect to the metric gµν and the gauge field Aµ, one obtains the
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equations of motion, given by
0 = Rµν − 1
2
gµνR+ gµνΛ + 2α
(
FµρF
ρ
ν −
1
4
gµνF
2
)
,
0 = 4α∇νFµν + (n+ 1)βǫµµ1ν1···µnνnFµ1ν1 · · · Fµnνn , (2.2)
as well as the surface term Θµ, which can be expressed as the decomposition
Θµ = Θµ(gr) +Θ
µ
(em) +Θ
µ
(cs) (2.3)
in terms of the quantities Θµ(gr), Θ
µ
(em) and Θ
µ
(cs), which are read off as
Θµ(gr) = 2∇[σhµ]σ , Θµ(em) = 4αFµνaν ,
Θµ(cs) = 2nβǫ
γµ1ν1···µn−1νn−1µνAγFµ1ν1 · · · Fµn−1νn−1aν , (2.4)
where hρσ = δgρσ and aν = δAν denote the perturbations of the metric and U(1) gauge field,
respectively. As usual, the spacetime indices of the perturbations for the fields are lowered and
raised using the background metric tensor gµν and its inverse g
µν respectively.
Now, we focus our attention upon the derivations of the off-shell ADT potential associated with
the Lagrangian (2.1) on basis of its underlying diffeomorphism symmetry. Specifically, supposing
that the spacetime admits a series of symmetries generated by the Killing vector ξµ, we start with
the off-shell Noether potential Kµν corresponding to this vector. In light of the consequences for the
potentials of general p-form gauge fields given in [28], the potential Kµν is expressed as the linear
combination of the three ones Kµν(gr), K
µν
(em) and K
µν
(cs), that is,
Kµν = Kµν(gr) +K
µν
(em) +K
µν
(cs) , (2.5)
in which the potentials Kµν(gr), K
µν
(em) and K
µν
(cs) correspond to the contributions from the Einstein-
Hilbert Lagrangian
√−gL(gr), the electromagnetic field Lagrangian
√−gL(em) and the Chern-
Simons term
√−gL(cs) respectively, defined by
Kµν(gr) = 2∇[µξν] , Kµν(em) = −4αϑFµν ,
Kµν(cs) = −2nβϑǫγµ1ν1···µn−1νn−1µνAγFµ1ν1 · · · Fµn−1νn−1 , (2.6)
where the scalar ϑ = Aσξ
σ. As usual, the off-shell Noether current corresponding to Kµν is express-
ible as Jµ = ∇νKµν . Furthermore, with the help of the surface term Θµ and the potential Kµν , it is
feasible to define the off-shell ADT potential Qµν involved in the Lagrangian (2.1) [26, 27, 28, 47, 48].
Like before, for convenience, such a potential consists of Qµν(gr), Q
µν
(em) and Q
µν
(cs) three ingredients,
taking the form
Qµν = Qµν(gr) +Q
µν
(em) +Q
µν
(cs) . (2.7)
In the above equation, according to the works [27, 28], all the potentials are defined through
QµνN = δ
(√−gKµνN )/(2√−g) − ξ[µΘν]N , where N ’s refer to (gr), (em) and (cs). Consequently, the
potentials Qµν(gr) and Q
µν
(em), associated with the Lagrangians
√−gL(gr) and
√−gL(em) respectively,
are presented by
Qµν(gr) = ξρ∇[µhν]ρ − hρ[µ∇ρξν] +
1
2
h∇[µξν] − ξ[µ∇ρhν]ρ + ξ[µ∇ν]h ,
Qµν(em) = −α
[
ϑ
(
2fµν − hFµν + 6h[σσ Fµν]
)
+ 6aσξ
[σFµν]
]
, (2.8)
in which h = gµνhµν and fµν = 2∂[µaν], while the contribution from the Chern-Simons term√−gL(cs) is
Qµν(cs) = Q˜
µν
(cs) +∇ρUρµν . (2.9)
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Here the three-form Uρµν and the two-form Q˜µν(cs) are further given by
Uρµν = 2n(n− 1)βϑǫρµνµ1ν1···µn−1νn−1Aµ1aν1Fµ2ν2 · · · Fµn−1νn−1 ,
Q˜µν(cs) = −n(n+ 1)βϑǫµνγµ1ν1···µn−1νn−1aγFµ1ν1 · · · Fµn−1νn−1 . (2.10)
One can immediately observes that Uρµν makes no contribution to the off-shell Noether current
J µ = ∇νQµν . In contrast to the potential defined in terms of the original ADT formalism, here the
potential Qµν incorporates the contribution from the matter field and it does not demand that the
background fields have to be on-shell. Besides, the perturbations of all the fields in Qµν , determined
by the variation of the solution parameters, take a different manner from the ones in the usual
ADT potential, which leads to that the off-shell generalized ADT formalism can neglect the key step
to seek appropriate reference backgrounds. Apart from the off-shell generalized ADT formalism,
it is worthwhile mentioning that the phase space approach [29, 30, 31] can also yield the off-shell
Noether potential Kµν in Eq. (2.5) as well as the ADT potential Qµν in Eq. (2.7), for instance, the
potential Kµν coincides with the one obtained through the phase space method in [57]. However,
the currents defined through the two approaches differ from each other by the terms proportional
to the expressions for the equations of motion.
Next, we switch to the comparison between the off-shell generalized ADT potential Qµν and the
superpotential kµν presented in [18], which was derived in terms of the BBC approach. We find that
both of them differ from each other only by the divergence of Uρµν , namely,
Qµν = kµν +∇ρUρµν . (2.11)
In this regard, one can conclude that both the conserved potentials Qµν and kµν are equivalent
when the spacetime symmetry is generated by the exact Killing vector. Further combined with the
fact that the manner of the perturbations for the fields involved in the off-shell generalized ADT
method is as same as the one in the framework of the BBC approach, one observes that they are
equivalent for the supergravity theories described by the Lagrangian (2.1). In other words, the off-
shell generalized ADT method could provide an alternative way to derive the superpotential in the
BBC approach.
Finally, supposed that there exists a subregion given by a (D − 1)-dimensional hypersurface Σ
with the boundary ∂Σ, we are able to define the conserved charge Q associated with this subregion
in such a way that
δQ = 1
8π
∫
∂Σ
QµνdΣµν (2.12)
in terms of the potential Qµν within the context of the D-dimensional supergravity theories described
by the Lagrangian (2.1). In the above equation, dΣµν =
1
2
1
(D−2)! ǫµνµ1µ2···µ(D−2)dx
µ1 ∧· · ·∧dxµ(D−2) .
One can thus obtain the conserved quantity Q by integrating Eq. (2.12) out.
3 Mass and angular momentum in the off-shell generalized
ADT formulation
In this section, we shall pay our attention to carrying out the off-shell generalized ADT formalism
to investigate the mass and angular momentum of the rotating charged black hole in the Go¨del-
type universe found in the work [7], which is an exact solution of the equations of motion given by
Eq. (2.2) within the framework of the five-dimensional Einstein-Maxwell-Chern-Simons supergravity
theory, described by the Lagrangian (2.1) with Λ = 0, α = −1 and β = −2√3/9. The line element
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for these 4-parameter black holes takes the general form
ds2 = −
(
Udt+Hσ3
)2
U
+
dr2
V
+
r2
4
(
dθ2 + sin2 θdψ2
)
+
r2V σ23
4U
,
A =
√
3q
2r2
dt+
√
3
2
Wσ3 (3.1)
with the quantities U and W given by
U = 1− 2m
r2
+
q2
r4
, W = jr2 + 2jq − aq
2r2
, (3.2)
while H and V can be expressed through U and W as following:
H = W + jq − a
2
(U − 1) ,
V = U +
8j(m+ q)(a+ 2jm+ 4jq)
r2
−2(a+ 2jq)[qa−ma+ 2jq(m+ 3q)]
r4
. (3.3)
In Eq. (3.1), the left invariant form σ3 = dφ+cos θdψ. The parameter j characterizes the scale of the
Go¨del background and plays the role for the rotation of the universe, while we shall see in a moment
that all the integral constants m, a and q are related to the mass, angular momentum and electric
charge, respectively. Besides, the Euler angles θ, φ and ψ range from 0 < θ < π, 0 < φ < 4π and
0 < ψ < 2π respectively. The solution (3.1) behaves asymptotically as the five-dimensional rotating
Go¨del-type universe, which provides an ideal platform to test the various traditional properties of
gravity theories [49, 50, 51, 52, 53, 54, 55, 56]. As a matter of fact, the metric (3.1) can cover several
well-known solutions in the literature on the choices of appropriate parameters. For instance, when
m, a, q = 0, it becomes the maximally supersymmetric analogues of the five-dimensional Go¨del
universe [2]. When the parameter q or j vanishes, it returns to the one of the neutral rotating Go¨del
black hole found in [5] or the charged black holes with two equal rotations in [60, 61]. What is more,
in the absence of both the parameters j and q, the solution (3.1) represents that of the rotating
black holes satisfying the five-dimensional vacuum Einstein equation.
Now we concentrate on dealing with the mass M of the rotating charged Go¨del-type black hole
(3.1). To do this, it is necessary to identify the perturbations of all the fields first. According to the
off-shell generalized ADT formulation, the fluctuations hµν of the spacetime metric and the ones aµ
of gauge field could be determined by the infinitesimal changes of all the three solution parameters
(m, a, q), that is,
m→ m+ δm , a→ a+ δa , q → q + δq . (3.4)
Here it is worth noting that the Go¨del parameter j can not be adopted to perturbate the gravitational
and gauge fields, otherwise the mass and angular momentum are non-integrable. To gain the mass
M , we have to evaluate the (t, r) component of the off-shell ADT potential
√−gQµν(ξ(t)) associated
with the timelike Killing vector ξµ(t) = (−1, 0, 0, 0, 0), which is read off as
√−gQtr(ξ(t)) = √−g(Qtr(gr) +Qtr(em) +Qtr(cs)) , (3.5)
where
√−gQtr(gr) = 3j2r2 sin θδq −
sin θ
8
[
(4aj + 72qj2 + 64mj2 − 3)δm+ 2j(2m+ 5q)δa
+2j(28jq+ 60mj + 5a)δq
]
+O(r−2) ,
√−gQtr(em) = −3j2r2 sin θδq +
3
4
j sin θ
[
qδa+ (a+ 8jm− 12jq)δq]+O(r−2) ,
√−gQtr(cs) =
3qW sin θ
r2
δW . (3.6)
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According to Eq. (3.6), we find that the contribution from the Lagrangian for Maxwell’s equations
can not be neglected, otherwise the charge is divergent when r →∞. Moreover, the Chern-Simons
term contributes to the total charge as well. This is different from the cases in [38, 46]. Therefore,
a naive application of the off-shell generalized ADT foramlism without the contributions from the
matter fields may fail to yield physical mass of the rotating charged Go¨del black holes. Further
making use of the integration of the formula (2.12) for the conserved charges, expressed as
Q = 1
8π
∫
∂Σ
∫ g
g¯
∫ A
A¯
QµνdΣµν , (3.7)
in which we opt for the background metric g¯ = g|m,a,q=0 and the reference gauge field A¯ = A|m,a,q=0,
we arrive at
M = π
[3
4
m− 2(m+ q)(4m+ 5q)j2 − aj(m+ q)
]
. (3.8)
Here the mass M exactly agrees with the one through the BBC approach and it has been shown
that M satisfies the first law of black hole thermodynamics in [7, 19]. In the absence of the electric
parameter q, M returns to the result given in [18].
Next, we move on to evaluate the angular momentum Jφ along the φ direction in the off-shell
generalized ADT formalism. As a consequence of the vanishing for the (t, r) component of the term
ξ
[µ
(φ)Θ
ν] in the potential Qµν
(
ξ(φ)
)
given by Eq. (2.7), where ξµ(φ) = (0, 0, 0, 1, 0) is the relevant
spacelike Killing vector, it is convenient for us to compute Jφ in terms of the following generalized
formulation for the standard definition of the Komar angular momentum:
J =
1
16π
[ ∫
∂Σ
KµνdΣµν
](g,A)
(g¯,A¯)
, (3.9)
In comparison with the general formula (2.12), the merit of the formula (3.9) is that it eliminates the
step of perturbating both the gravitational and gauge fields. Hence the calculations are significantly
simplified. It should be emphasized that the Noether potential Kµν here is different from the
superpotential in the ordinary Komar integral by incorporating the contribution from the matter
field. As an application to the rotating charged Go¨del black hole (3.1), we calculate the (t, r)
component of the Noether potential Kµν associated with the Killing vector ξµ(φ), consisting of the
contribution from the gravitational field Ktr(gr), given by
√−gKtr(gr) = −j3
(
r2 + 6q
)
r4 sin θ − 3
4
j sin θ
[
8q(m+ 3q)j2 + 2aj(2m+ q)− q]r2
−a
4
sin θ
[
8j2
(
2m2 + 5mq − 4q2)+ 4aj(m− q) + q − 2m]+O(r−2) , (3.10)
in combination with the ones from the U(1) gauge field Ktr(em) and K
tr
(cs), expressed as
√−gKtr(em) = 3j3
(
r2 + 6q
)
r4 sin θ +
3
4
j sin θ
[
8q(m+ 7q)j2 + 2aj(2m− q)− q]r2
+
3
2
jq sin θ
[
8q(m+ 3q)j2 + 4aj(m− 2q)− q]+O(r−2) ,
√−gKtr(cs) = −2W 3 sin θ . (3.11)
According to Eqs. (3.10) and (3.11), because of the existence of the Go¨del parameter j, if one merely
let the Noether potential Kµν(gr) with respect to the gravitational field enter the definition for the
conserved charge of the charged rotating Go¨del black holes as the ordinary Komar integral does,
one will observe that the angular momentum is divergent at infinity. Consequently, to get round
the problem of divergence it is of considerable necessity to take into account the contribution from
the Maxwell Lagrangian
√−gL(em) as well as that from the Chern-Simons term
√−gL(cs), even for
the neutral rotating Go¨del black holes [5]. Further substituting the (t, r) component of the total
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off-shell Noether potential
√−gKtr(ξ(φ)) = √−g(Ktr(gr)+Ktr(em)+Ktr(cs)
)
into the formula (3.9), we
gain the angular momentum Jφ along the φ direction
Jφ =
π
4
[
a(2m− q)− 4aj(m− q)(a+ 4jm+ 8jq)
−6jq2 + 16(3m+ 5q)q2j3] , (3.12)
which coincides with the one through the BBC approach and is the desired thermodynamical quantity
in fulfillment of the requirements for the first law of black hole thermodynamics [7, 19]. Here the
angular momentum Jφ covers the one in [18] as a special situation.
4 Mass and angular momentum via the original ADT for-
malism
In this section, we shall comply fully with the rules of the original ADT formalism [21, 22, 23, 24, 25]
to modify the potential by including the contribution from the gauge field in the context of the
(2n + 1)-dimensional Einstein-Maxwell-Chern-Simons supergravity theories. In comparison with
the off-shell generalized ADT formulation, then we will take into account the mass and angular
momentum of the five-dimensional charged rotating Go¨del black holes in terms of the generalized
potential, accompany with a detailed analysis of different reference backgrounds.
Let us start with the potential within the framework of the original ADT formalism. According
to this formulation, we observe that the usual potential contains no contributions from the matter
fields, such as the gauge field and the scalar field, since it is assumed that all the matter fields decrease
quite fast so that their contributions to the total conserved charges can be ignored. However, as
is demonstrated in the previous section, this does not hold true at leat for the Go¨del-type black
holes, let alone the black holes in Horndeski theory [44, 58]. Therefore, for the completeness and
universality of this formalism, it is of great necessity to simultaneously take into consideration of
the effects of the matter fields. Like in [38], here we incorporate the contribution from the gauge
field Aµ within the potential associated with the Lagrangian (2.1) in full analogy with the rules of
the original ADT formulation. Such an obviously extended potential Q¯µν can be chosen as the one
in Eq. (2.7) with the modification that both the background metric and gauge field (g¯µν , A¯µ) are
required to be on-shell and fixed, as well as the perturbations of the gravitational and gauge fields
(hµν , aµ) are replaced by the differences between the given fields and the fixed reference ones, that
is,
hµν = gµν − g¯µν , aµ = Aµ − A¯µ , (4.1)
instead of the fluctuations of the solution parameters. In accordance with the notations in the usual
ADT formulation, Q¯µν is expressed as
Q¯µν = Qµν(g → g¯, A→ A¯;∇ → ∇¯) . (4.2)
Here ∇¯ denotes the covariant derivative operator of the connection with respect to the fixed back-
ground metric tensor g¯µν . Our generalized potential (4.2) containing the contribution from the gauge
field is completely constructed in spirit of the original ADT formalism. Hence the conserved charges
defined in terms of this potential could be regarded as a simple and apparent generalization to the
ordinary ADT formula in the minimal supergravity theories.
With the modified ADT potential (4.2) in hand, we proceed to calculate the mass and an-
gular momentum of the charged rotating Go¨del black holes. As is known, the ADT formalism is
background-dependent. Thus an appropriate reference background, which may be non-unique, plays
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an important role in the calculations. In the literature, a common way of obtaining that is to let all
or selected solution parameters vanish. By following this, a natural reference background (g¯(1), A¯(1))
for the charged rotating Go¨del black holes could be set as the maximally supersymmetric Go¨del
universe [2], with the form
ds¯2(1) = ds
2
∣∣
m,a,q=0
= −(dt+ jr2σ3)2 + dr2 + r
2
4
(
dθ2 + sin2 θdψ2 + σ23
)
,
A¯(1) = ctdt+ cφdφ+ cψdψ +
√
3
2
jr2σ23 . (4.3)
Here we preserve the arbitrary constants ct, cφ and cψ for generality. On the other hand, the
manipulation to let all the three parameters disappear leads to a simpler background gauge field.
However, as we shall see below, their vanishing can not ensure the convergence of the (t, r) component
of the potential
√−g¯Q¯µν at infinity. One can verify that the background fields g¯(1)µν and A¯(1)µ in Eq.
(4.3) are on-shell, that is, they strictly satisfy the five-dimensional field equations with Λ = 0,
α = −1 and β = −2√3/9 given by Eq. (2.2). Furthermore, on the fixed reference metric g¯(1)µν and
gauge field A¯
(1)
µ to compute
√−g¯Q¯tr, we obtain
√−g¯Q¯tr(ξ(t)) = j sin θ[√3cφ − 8ctcφ/3− 2√3ct(2m+ 3q)2j3 + (2m+ 3q)2j3]r2
+C sin θ +O(r−2) , (4.4)
with the constant C dependent upon the six parameters ct, cφ, m, a, q and j, as well as
√−g¯Q¯tr(ξ(φ)) = j2 sin θ[cφ/√3 + 2(2m+ 3q)2j3]r4 + 2j sin θ ×{
4c2φ/3 +
√
3j
[
(2m+ 3q)2j2 − 2q/3]cφ −m2j2
+a(8m2 + 8mq − 3q2)j3 − 6(m+ q)q2j4
−64(a+mj + 2qj)(m+ 2q)(m+ q)2j5
−4[4(am+ aq)2 −m(2m+ 3q)2]j4}r2 +O(1) . (4.5)
To guarantee that both the quantities
√−g¯Q¯tr(ξ(t)) and √−g¯Q¯tr(ξ(φ)) are convergent when the
radial coordinate r goes to infinity, it is desired that the r2 term in the former, as well as the r4
term in the latter, has to vanish, yielding
ct =
√
3
2
, cφ = −2
√
3(2m+ 3q)2j3 . (4.6)
However, it turns out that the values of the parameters ct and cφ given by Eq. (4.6) are unable
to make the r2 term in
√−g¯Q¯tr(ξ(φ)) disappear. This shows that the angular momentum along
the φ direction still suffers from the divergence. On the other hand, in such a case, although the
convergent
√−g¯Q¯tr(ξ(t)) gives rise to a finite value for the mass, it differs from the one evaluated
via the off-shell ADT formulation.
As is indicated in the above, the natural on-shell background metric and gauge field
(
g¯
(1)
µν , A¯
(1)
µ
)
in
Eq. (4.3) fail to produce both the meaningful mass and angular momentum of the charged rotating
Go¨del black holes because the divergence is unavoidable. To tackle such a problem, we have tried
to look for appropriate ones but find that the attempt is rather difficult to achieve. However, if we
just expect the reference background (4.3) to merely yield physical mass regardless of the angular
momentum from the pure mathematics perspective, as a matter of fact, this can be realised by
adopting appropriate ct and cφ to render the r
2 term in
√−g¯Q¯tr(ξ(t)) vanish as well as C take the
value M/(2π).
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What is more, without the restriction to get the mass and angular momentum on the same
on-shell reference background, we are able to put forward a more general reference background
(g¯(2), A¯(2)) to compute the mass in terms of the original ADT formulation from a mathematical
point of view, which is supposed to have the following form
ds¯2(2) = ds
2
∣∣
(m,a,q)→(m¯,a¯,q¯)
,
A¯(2) = A|(m,a,q)→(m¯,a¯,q¯) + c¯tdt+ c¯φdφ + c¯ψdψ . (4.7)
Here the computations reveal that the parameter c¯ψ actually makes no contribution to the charges,
so it can be set as c¯ψ = 0 in advance. However, the other five parameters m¯, a¯, q¯, c¯t and c¯φ are
desired to satisfy the following three conditions:
I. They guarantee that the reference line element ds¯2(2) has the same asymptotic geometry as the
original one ds2 and the (t, r) component of the ADT potential
√−g¯Q¯tr(ξ(t)) is convergent when
r →∞ so that the formula (2.12) yields a finite quantityM;
II.M =M−M¯ , where the meaningful massM that fulfills the first law of thermodynamics is given
by Eq. (3.8) in the previous section, while M¯ =M(m→ m¯, a→ a¯, q → q¯) serves as the mass of the
background spacetime g¯
(2)
µν ;
III. The mass M¯ vanishes, namely, M¯ = 0.
Here the three conditions to identify the reference background are very general. In fact, they have
been utilized in a range of applications for the original ADT formalism.
Actually, for the rotating charged Go¨del black hole (3.1), apart from the special background
metric and gauge field
(
g¯
(1)
µν , A¯
(1)
µ
)
, we indeed gain some other reference backgrounds appropriate for
the computations of the ADT mass by solving a set of equations for the five parameters in fulfillment
of the above-mentioned three conditions. Nevertheless, the results are rather complex. In order to
illustrate this, instead, we take into consideration of the situation for the neutral rotating Go¨del-type
black hole for simplicity. We find that the simplest reference background is the one with
c¯t =
√
3
6
, c¯φ = 0 , a¯ =
3− 32m¯j2
4j
,
M = −π
4
[
64j4m¯3 − 8(16mj2 − 3)j2m¯2 + (8mj2 + 3)(8mj2 − 1)m¯
+m(24mj2 + 8ja− 3)] . (4.8)
Solving the equationM =M(q = 0), where M(q = 0) = πm(3− 32mj2 − 4ja)/4 is the mass of the
neutral rotating Go¨del black hole, one can identify the parameter m¯. It should be emphasized that
the parameters (m¯, a¯, q¯) in the background metric g¯
(2)
µν have no solutions fulfilling the three conditions
(I-III) provided that the generalized potential (4.2) lacks the contribution from the gauge field Aµ
or both the parameters c¯t and c¯φ are naively set as c¯t, c¯φ = 0. This implies that the mass is
obtained at the expense of modifying the asymptotic structure of the gauge field Aµ. Besides, one
can immediately conclude that the original ADT method without consideration of the matter fields
is insufficient for producing the mass of the Go¨del-type black hole in a mathematical sense.
A remark is in order here. As has been demonstrated in the previous section, when the off-shell
generalized ADT potential Qµν in Eq. (2.7) is adopted to calculate the mass and angular momentum
of the rotating charged Go¨del black holes, one is able to obtain meaningful results. However, letting
the modified potential Q¯µν in Eq. (4.2) enter the formula for the ADT charges, we face the difficulty
of finding an appropriate reference background on which both the mass and angular momentum can
be simultaneously evaluated. This arises from the manner for the fluctuations of the gravitational
and gauge fields. Specifically, for the potential Q¯µν , it is of significant importance to find in advance
a proper fixed reference background so that the perturbations of all the involved fields can guarantee
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that the conserved charges are convergent at infinity. Nevertheless, for the potential Qµν , there is
no need to set the reference background in advance. All the fields fluctuate around the background
varying with the solution parameters and the integral of these parameters gives rise to the charges.
In this sense, the off-shell generalized ADT formulation is more effective than the original one.
However, from technical viewpoint, the latter has the advantage for the avoidance of the integral to
the conserved charge δQ in the formula (2.12).
5 Conclusions
In this work, in order to present a concrete example to explicitly compare the original ADT formalism
[21, 22, 23, 24, 25] and its off-shell generalization [26], as well as to stress the necessity to consider the
contributions from the matter fields, according to both the formulations, we investigated the mass
and angular momentum of the rotating charged black holes in the Go¨del-type universe [7] within
the framework of the five-dimensional Einstein-Maxwell-Chern-Simons supergravity theory.
As a starting point, we presented the off-shell generalized ADT potential Qµν (2.7) in the context
of (2n+ 1)-dimensional supergravity theories described by the Lagrangian (2.1). It was illustrated
that the off-shell generalized ADT method is equivalent with the BBC approach. Next, the off-shell
ADT formulation was applied to evaluate the conserved charges of the rotating charged Go¨del black
hole (3.1). We obtained the mass M and angular momentum Jφ along the φ direction given by Eqs.
(3.8) and (3.12) respectively. Finally, in comparison with the off-shell generalized ADT formulation,
we strictly followed the rules of the original ADT formalism to incorporate the contribution from
the U(1) gauge field within the potential, yielding the generalized one Q¯µν in Eq. (4.2). In terms
of this potential, the original ADT formalism was utilized to the rotating charged Go¨del black hole
on the reference background (g¯(1), A¯(1)). Unfortunately, we failed to obtain the mass and angular
momentum on the same background. Furthermore, regardless of the angular momentum, a general
reference background (g¯(2), A¯(2)) satisfying the three conditions (I-III) was presented in Eq. (4.7),
on which the original ADT formalism can produce the meaningful mass at the mathematical level.
As what has been demonstrated, because of the appearance of the Go¨del parameter j, the gauge
field’s contribution involved in the potential Qµν or Q¯µν has to be taken into consideration in order
to get meaningful consequences. Therefore, apart from the black holes of Horndeski theory shown
in [44], the Go¨del-type black holes can be chosen as ideal objects to display how the matter fields
to affect their mass and angular momentum. They are of great use for checking the universality of
the approaches for the conserved charges.
The formalism with the modified potential Q¯µν , which has incorporated the contribution from
the gauge field in spirit of the original ADT formalism, might be extended to other black holes
in the (2n + 1)-dimensional Einstein-Maxwell-Chern-Simons supergravity theories, although this
formulation is only a partial success for the five-dimensional (charged) rotating Go¨del-type black
holes since the existence of the Go¨del parameter makes it rather difficult to seek for appropriate
backgrounds. For instance, dealing with the mass and angular momenta of the general rotating
charged black holes in five-dimensional gauged supergravity [61] in terms of the modified potential
Q¯µν , we observe that the ADT formalism yields the same meaningful results as the ones in [59],
where the usual potential was adopted. This is attributed to the fast falloff of the gauge field as
the radial coordinate goes to infinity. However, to see another example associated with the non-zero
contributions from the gauge fields in the generalized potential, a sensible application might be that
to the most general non-extremal rotating charged black holes in five-dimensional U(1)3 gauged
supergravity [62].
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